
7. Appendix  

7.1. Computation of the equilibrium point  

In order to calculate the equilibrium point of the system (1), all of the equations must first be 

set equal to zero, and then solved.  

𝛼𝑀𝐸𝑀 − 𝜇𝑀𝐴𝑀 = 0,   (9a) 

𝛼𝐹𝐸𝐹 − 𝜇𝐹𝐴𝐹 = 0,   (9b) 

−𝛼𝑀𝐸𝑀 + 𝑝𝑟 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝑏𝐴𝐹𝐴𝑀

𝐴𝐹+𝑎𝐴𝑀
) − 𝜇𝐸𝐸𝑀 = 0,   (9c) 

−𝛼𝐹𝐸𝐹 + (1 − 𝑝)𝑟 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝑏𝐴𝐹𝐴𝑀

𝐴𝐹+𝑎𝐴𝑀
) − 𝜇𝐸𝐸𝐹 = 0.  (9d) 

7.1.1. Non-zero equilibrium point 

First we add the four equations together to get  

 

𝑟𝑏𝐴𝑀 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝐴𝐹

𝐴𝐹+𝑎𝐴𝑀
) = 𝜇𝐸𝐸𝑀 + 𝜇𝑀𝐴𝑀 + 𝜇𝐸𝐸𝐹 + 𝜇𝐹𝐴𝐹. (10) 

From (9a) and (9b), we know  

𝐸𝑀 =
𝜇𝑀

𝛼𝑀
𝐴𝑀,   𝐸𝐹 =

𝜇𝐹

𝛼𝐹
𝐴𝐹 ,   (11) 

Substituting (11) into (10), we obtain 

𝑟𝑏𝐴𝑀 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝐴𝐹

𝐴𝐹+𝑎𝐴𝑀
) =

𝛼𝑀𝜇𝑀+𝜇𝑀𝜇𝐸

𝛼𝑀
𝐴𝑀 +

𝛼𝐹𝜇𝐹+𝜇𝐹𝜇𝐸

𝛼𝐹
𝐴𝐹 (12) 

Equation (9c) can be rewritten as 

𝑟𝑏𝐴𝑀 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝐴𝐹

𝐴𝐹+𝑎𝐴𝑀
) =

𝛼𝑀+𝜇𝐸

𝑝
𝐸𝑀  (13) 

and substituting (11) into (13) we get  

𝑟𝑏𝐴𝑀 (1 −
𝐴𝑀+𝐴𝐹

𝐾
) (

𝐴𝐹

𝐴𝐹+𝑎𝐴𝑀
) =

(𝛼𝑀+𝜇𝐸)𝜇𝑀

𝛼𝑀𝑝
𝐴𝑀  (14) 

Using equations (10) and (14) we obtain 

𝛼𝑀𝜇𝑀+𝜇𝑀𝜇𝐸

𝛼𝑀
𝐴𝑀 +

𝛼𝐹𝜇𝐹+𝜇𝐹𝜇𝐸

𝛼𝐹
𝐴𝐹 =

(𝛼𝑀+𝜇𝐸)𝜇𝑀

𝛼𝑀𝑝
𝐴𝑀  (15) 

Rewriting (15), we obtain the relationship between 𝐴𝑀 and 𝐴𝐹 .  

𝐻𝐴𝑀 = 𝐺𝐴𝐹 



That is 
𝐴𝐹

𝐴𝑀
=

𝐻

𝐺
 and 𝐴𝑀 + 𝐴𝐹 = (1 +

𝐻

𝐺
) 𝐴𝑀, where 𝐻 =

(𝜇𝑀𝜇𝐸+𝜇𝑀𝛼𝑀)(𝑝−1)

𝑝𝛼𝑀
 and 𝐺 =

𝜇𝐹𝜇𝐸+𝜇𝐹𝛼𝑀

𝛼𝐹
, substituting into (15), we obtain  

𝑟

𝐾
(𝐾 − (1 +

𝐻

𝐺
) 𝐴𝑀) (

𝑏𝐻

𝐻 + 𝑎𝐺
) 𝐴𝑀 =

(𝛼𝑀 + 𝜇𝐸)𝜇𝑀

𝛼𝑀𝑝
𝐴𝑀 

 

Solving non-zero solution of above equation give us, 

 

𝐴𝑀
∗ =

(𝐾 − 𝑄)𝐺

𝐻 + 𝐺
 

Where 𝑄 =
(𝜇𝐸+𝛼𝑀)𝜇𝑀(𝐻+𝑎)𝐾

𝛼𝑀𝑝𝑟𝑏𝐻
. From de relationship between 𝐴𝑀 , 𝐴𝐹 , 𝐸𝑀 and 𝐸𝐹 the non-

zero equilibrium point is  

𝐼∗ (𝐴𝑀
∗ ,

𝐻

𝐺
𝐴𝑀

∗ ,
𝜇𝑀

𝛼𝑀
𝐴𝑀

∗ ,
𝐻𝜇𝐹

𝐺𝛼𝐹
𝐴𝑀

∗ ). 

7.2. Existence condition  

The existence condition for 𝐼∗ existence condition is  

𝐴𝑀
∗ =

(𝐾−𝑄)𝐺

𝐻+𝐺
> 0    (16) 

𝐻, 𝐺, 𝑄 >  0. Then 𝐴𝑀 
> 0 if and only if 𝐾 > 𝑄, which is equivalent to  

𝑝 >
(𝛼𝑀+𝜇𝐸)𝜇𝑀(𝐻+𝑎𝐺)

𝑟𝑏𝐻𝛼𝑀
    (17) 

By inserting this simplification into our expression, we can rewrite (17) and define new 

expressions.  

Refine, 𝐽 =
(𝜇𝐸+𝛼𝑀)𝜇𝑀

𝛼𝑀𝑏𝑟
 and 𝐷 =

(𝜇𝐸+𝛼𝐹)𝑎𝜇𝐹

𝛼𝐹𝑏𝑟
, then (17)is rewritten as  

𝑝 > 𝐽 + 𝐷
𝑝

1−𝑝
     (18) 

The inequality is solved in terms of p producing the next quadratic expression  

𝑝2 + (𝐷 − 𝐽 − 1)𝑝 + 𝐽 < 0,    (19) 

where 𝑝1 and 𝑝2 are the solutions of 𝑝2 
+ (𝐷

 
−  𝐽

 
−  1)𝑝 +  𝐽

 
=  0, namely  

𝑝1 =
𝐽−𝐷+1−√∆

2
,  𝑝2 =

𝐽−𝐷+1+√∆

2
. 

Finally, the existence condition is  

∆= (𝐷 − 𝐽 − 1) − 4𝐽 > 0 and 𝑝1 
< 𝑝 < 𝑝2.   (20) 



7.3. Range for temperature  

By substituting function (7) into inequality (4), we get 

𝑝1 
< 𝑝(𝑇) < 𝑝2 

 

𝑝1 <
1

1 + 𝑒−
1
𝑆

(𝛽−𝑇)
< 𝑝2 

1

𝑝1
< 1 + 𝑒−

1
𝑆

(𝛽−𝑇) <
1

𝑝2
 

1

𝑝1
− 1 < 𝑒−

1
𝑆

(𝛽−𝑇)
<

1

𝑝2
− 1 

𝑙𝑛 (
1

𝑝1
− 1) < −

1

𝑆
(𝛽 − 𝑇) < 𝑙𝑛 (

1

𝑝2
− 1) 

𝑙𝑛 (
1

𝑝1
− 1) 𝑆 < −(𝛽 − 𝑇) < 𝑙𝑛 (

1

𝑝2
− 1) 𝑆 

𝑙𝑛 (
1

𝑝2
− 1) 𝑆 + 𝛽 < 𝑇 < 𝑙𝑛 (

1

𝑝1
− 1) 𝑆 + 𝛽 

 


